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Abstract—In this paper, we propose a method to calculate the
volume and surface area of the left ventricle (LV) in the prolate
spheroidal coordinate system. The prolate spheroidal coordinate
system is well suited for use with the LV due to the approximately
ellipsoidal shape of the LV. The prolate spheroidal transform was
applied to short axis gated SPECT data, and the volumes of the LV
were calculated from the mid-myocardium surface. Also, we cal-
culated the areas of the mid-myocardial surface. The information
obtained may be used to estimate the LV wall thickening during a
cardiac cycle. This is possible due to the fact that the myocardium
is almost incompressible. The method was verified by performing
tests using the MCAT phantom. The calculations of the LV volumes
and surface areas of the MCAT phantoms agreed with the true
values. The prolate spheroidal transform was also applied to pa-
tient gated SPECT data. Strong correlations were evident between
the calculated volume and surface area values in MCAT simula-
tions and in the patient study. These results imply that the calcula-
tion of the surface area, which is more convenient for hearts with
defects, may be an alternative way to estimate the volumes of the
myocardium.

Index Terms—Gated cardiac SPECT, LV wall thickness, my-
ocardial volume, prolate spheroidal transform.

I. INTRODUCTION

PRIOR knowledge of the geometry of the left ventricle (LV)
is important for developing mathematical models to inves-

tigate the global function [1], [2] and for segmenting the LV
[3]–[5]. Initially, simple geometries, such as spherical, cylin-
drical, and ellipsoidal, were assumed for the LV. In recently de-
veloped models [6], [7], the geometry of the LV was assumed
to be a truncated thick-walled ellipsoid with confocal or non-
confocal surfaces (see Fig. 1). Under such an assumption about
the shape of the LV, the use of the ellipsoid coordinate system
is convenient. The prolate spheroidal transform is defined such
that it transforms the spatial activity distribution of the LV from
the Cartesian coordinates to the ellipsoid coordinates

according to the following:

(1)

(2)

(3)

where is the focal length for the prolate spheroidal system.
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Fig. 1. (a) Geometry of the ellipsoidal model of the LV showing the focal
length C and the truncation heighth above the equator. (b) Cross-section
through the LV showing coordinates� and�.

For the MCAT phantom with perfect confocal ellipsoid
shapes, if transformed with the correct focal length, the
endocardial and epicardial surfaces of the LV become straight
planes [see Fig. 2(a)] in the prolate spheroidal coordinate
system. Even when using real patient data that are transformed
with an approximate , the transformed images of the LV
resulted in a simple geometry with approximated plane sur-
faces. This suggests that there is the possibility of segmenting
the left ventricle in the ellipsoid coordinate system since the
surface detection may be more easily implemented than in the
Cartesian coordinate system. In this paper, we focus on the
idea of calculating the volume and surface area of the LV in the
ellipsoid coordinate system, thereby avoiding the complexity
involved in edge detection. We found the maximum activity
layer in the prolate system to be the mid-myocardium. There-
fore, we calculated the surface area of the mid-myocardium and
the volume it enclosed. During the prolate spheroidal transform
of the data, a trilinear interpolation was used.
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Fig. 2. (a) For a 16-frame MCAT phantom that simulates a whole cardiac
cycle, the original images (left) and transformed images in the ellipsoid system
(right). (b) For a set of gated SPECT data that consists of 16 frames, the original
images (left) and transformed images (right).

Faberet al. [2], [3] used a mixture of the cylindrical and
spherical coordinate system to detect the surface of the LV and
calculate the ejection fraction (EF). While the cylindrical co-
ordinate system is used to describe the base and midventricular
section of the LV, the spherical coordinate system is used for the
apex region. However, the switch from one system to another
seems arbitrary. Declercket al. [8] also used an unconventional
coordinate system to register and align SPECT images. Com-
pared with the approaches by others, the greatest advantage of
using the ellipsoid coordinate system in our volume and area
calculations is its simplicity in implementation.

II. M ETHODS

To calculate the LV volume and surface area in the ellipsoid
coordinate system, the Jacobian associated with the coordinate
transformation [(1)] must be calculated.

The volume of the LV is calculated using

(4)

with being the determinant of the Jacobian matrix defined as

(5)

So, using (1), we have

(6)

Fig. 3. The symbolic drawing of the ranges of integration and elements used
in the volume and area calculations.

Similarly, for the calculation of the surface area of the LV

(7)

We calculated the corresponding Jacobian

(8)

and arrived at

(9)

To calculate the volumes, the range of integration for both
the volume and area calculations needed to be specified. In this
paper, the mid-myocardium was the surface used for the surface
and volume calculations. Due to the finite resolution of gated
cardiac SPECT, the maximum activity occurs near the mid-my-
ocardium. The location of the mid-myocardium can be found
easily by locating the maximum activity on the ellipsoid coor-
dinates. We calculated the surface area of the mid-myocardium
and the volume enclosed by it. The integrations [(2) and (5)]
were made using a finite sum method. Fig.3 shows the integra-
tion elements and ranges used in these calculations.

III. RESULTS

We used an MCAT phantom to test our method. We per-
formed the calculations for the MCAT phantom studies under
various conditions: with and without noise (Fig. 4) and changing
the focal length and translating the left ventricle in the long axis

direction. In each case, we obtained encouraging results. We
also found strong correlations between the calculated values of
the volume and the area (Fig. 5), which suggests that there is a
way to calculate the volume of the LV with large defects indi-
rectly by calculating the area, since the area calculation is less
affected by defects.

We then applied this method to gated SPECT data, calcu-
lating the mid-myocardial volume and area (Figs. 7 and 8). We
found the calculated values correlated with the reasonable time-
varying shape during a cardiac cycle, which indicated that the
LV contracted faster than it expanded. A strong correlation was
also found between the volume and area calculations (Fig. 6).

The average wall thickness of the LV can be defined as the
volume of the myocardium divided by the mid-ventricular area.
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Fig. 4. Calculated mid-myocardial volumes for the MCAT phantom with and
without adding noise, compared with real values.

Fig. 5. The log–log plot of the calculated mid-myocardial volumes versus
areas for the MCAT phantom over a cardiac cycle.

Fig. 6. The log–log plot of the calculated mid-myocardial volumes versus
areas for the gated SPECT data over a cardiac cycle.

Due to the incompressibility of the myocardium, the average
wall thickness of the LV is inversely proportional to the midven-
tricular area. The average wall thickness of the LV of the MCAT
phantom is compared to its actual value in Table I. In the calcu-
lation of the average wall thickness of the LV, the volume of the
myocardium is known from the log file of the MCAT phantom.
The only factor that affects the calculation of the average wall
thickness is the calculation of the midventricular area.

Fig. 7. The calculated mid-myocardial volumes over 16 time frames in a
cardiac cycle for the gated SPECT data.

Fig. 8. The calculated mid-myocardial areas over 16 time frames in a cardiac
cycle for the gated SPECT data.

TABLE I
THE LV V OLUME, SURFACE AREA, AND

WALL THICKNESS OF THEMCAT PHANTOM

IV. DISCUSSION

A way to calculate the left ventricle volume and area and track
the LV movement was described. Since theaxis is approxi-
mately perpendicular to the LV surfaces, it is advantageous to
use the ellipsoid coordinate system because small elements used
in the integrations fit the geometry well, even in the apex region,
where the cross-section size of the LV changes rapidly between
adjacent layers. Though the method is model-based in nature,
the calculations are insensitive to the chosen value of the focal
length and to the alignment of the images of the left ventricle
in the Cartesian coordinate system. While the focal length used
in the transform was changed over a large range (from 17 to 37
pixels, with the exact value being 27 pixels), and the short axis
image was translated along the axial direction over a range of
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20 pixels, the calculated volumes for the MCAT phantom were
correct to within 5%. Mathematically, the calculations of the
volume and area can be carried out in any coordinate system
if the associated Jacobian matrix and the range of integration
are correctly determined. We prefer using the ellipsoid coordi-
nate system instead of the Cartesian coordinate system because
the ellipsoid coordinate system is better for determining the in-
tegrating region in the volume and area calculations. Since the
geometry of the LV can be approximated by a truncated, con-
focal, ellipsoidal model, by choosing the optimal parameters
[9] (the focal length, the alignment of the LV in the ellipsoid
coordinate system), the geometry of the LV can be described
approximately by ellipsoid coordinates bounded by:

, and (see
Fig. 1). Here and occurred at the endocardial and epi-
cardial surfaces, respectively. Though therange of integration is
dependent on and for gated cardiac SPECT, we assume they
change slowly enough over space to enable us to develop future
algorithms that can effectively detect and interpolate the LV sur-
faces.

The strong correlation between the LV volume and area
values in a cardiac cycle (see Figs. 5 and 6) suggests that there
is a way to calculate the volume indirectly. This can be done
by calculating the area when large defects exist in some frames
of images since the area calculation is less sensitive to the
image defects. Choosing a sphere as an example, if the image
of the sphere was truncated by one half of its size, the direct
volume calculation will give a 50% error. Whereas the error of
calculating the surface area is 25%. The log-log plots in Figs. 5
and 6 show that the data fits well to lines with different slopes,
which implies that the hearts were beating in a pattern to keep
their “shape” unchanged in a topological sense. Considering
an object with a cubic or spherical shape, when it expands and
contracts, and while keeping its shape unchanged, its volume
and area will fall on the line with the slope of 3/2 in the log–log
plot.

Since the myocardium can be regarded as almost incompress-
ible, the midventricular area calculation can be used to estimate

the average thickness of the LV wall for each frame of gated
SPECT data, which in turn may indicate how well the heart
is performing. If combined with some image registration algo-
rithm, the area calculation can be applied locally to calculate the
local wall thickening of the LV.

Having established an estimation of the wall thickness, the
detection of the midventricular surface can be used to generate
a fine mesh for the finite-element analysis of the LV.
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